In this paper, additional properties of the lower gamma functions and the error functions are introduced and proven. In particular, we prove interesting relations between the error functions and Laplace transform.
Clearly, γ(s, x) −→ Γ(s) as x −→ ∞. The properties of these functions are listed in many references( for example see [2] , [3] and [4] ). In particular, the following properties are needed: Proposition 2.2. For a = 0
Proof. The substitution u = r 2 gives
Proposition 2.3.
The incomplete gamma function γ(a, t) satisfies
Proof. The strip {(x, y) : 0 < x < √ t, y > 0} is mapped to {(r, θ) : 0 < r < √ t sec(θ), 0 < θ < π/2}, where x = r cos(θ) and y = r sin(θ). Now, Using the substitutions z = x 2 and v = y 2 , we get
This result gives
Using Proposition 2.2 and Equation 2.1 we get
As a remark, in Lemma 2.4, if we let
. This proves the well-known result that is
As a manner of fact, one can easily show that It is Known that the gamma function satisfies the property Proposition 2.5. The gamma function Γ satisfies
The following is an extension of this result
Proof. Proposition 1.2 implies
Then Lemma 2.4 with b = 1 − a gives the result.
This lemma gives the following Proposition 2.7. For −1 < a < 0,
Proof. Using Lemma 2.1 we get
Multiply both sides by Γ(1 − b) and use Lemma 2.6 to get
Interchange the order of the integral and use the substitution u = t sec 2 (θ) to get:
Use Equation 2.2 to get the result.
Corollary 2.8. The error function satisfies
In particular,
Proof. By Lemma 2.4 with a = 1/2 and Proposition 1.2, we get
The last equation with b = 1 gives
Using Equation 2.3 implies erf(
i.e.,
Multiplying Equation 2.4 by
e at implies (2.5) e at erfc( √ at) = 2 π π/2 0 e −at tan 2 (θ) dθ.
Equation 2.4 gives the following results
Lemma 2.9.
where F (s) = (Lf )(s) is the Laplace transform of f (t).
Proof. Equation 2.4 implies
By interchanging the order of the integral, we get:
Now, Since the Laplace transform is given as
Then Equations 2.7 and 2.9 prove the result that
In addition, the substitution s = a sec 2 θ implies that
Corollary 2.10. For r > −1,
Moreover, for µ > −1
Proof. Lemma 2.9 implies that
Use Equation 2.2 to get that
.
Therefore,
Now, the substitution u = √ t into equation 2.9 with a = 1 gives that
Lastly,
Following similar proof of Lemma 2.9 and using Equation 2.5, we get the following result Lemma 2.11.
where F (s) = (Lf )(s) is the Laplace transform of f (t). ds.
Substitute the Laplace transform of the dirac delta function f (t) = δ(t − b) which is F (s) = e −bs into Equations 2.6 and 2.10 to get that 
